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Lecture 21: Belief Propagation, Bethe free energy

In this lecture, we describe the Belief Propagation algorithm for variational
inference on Gibbs measures. We then show that the Gibbs free energy on trees can
be written in terms of 1- and 2-wise marginals, motivating the notion of Bethe free
energy which generalizes the idea of Gibbs free energy to a relaxation of probability
measures. Finally we prove a novel connection between the fixed points of the
Belief Propagation algorithm and the Bethe free energy landscape.

We remind ourselves of our notation for Gibbs measures. Consider an undirected
graph G = (V, E)withV = [n]and E C {(4,5) € V xV :i # j}. One calls a measure
p over the discrete support {+1}" a Gibbs measure if it factors according to the
graph, i.e. there exists pairwise compatibility functions ¢;; : {£1}*> — Ry, for each
(1,j) € E such that

() = % I @i z)).
(i.5)eE
Z is the partition function, the normalization constant of the probability distribution,

7 = Z H Yij(xi, xj).

ze{+1}" (i,j)€FE

It is also helpful to define an energy function £, where

f@)= 2 log (W; m)

In last lecture, we showed that finding a measure n =~ p is equivalent to minimizing
the entropy H(n) and maximizing the average energy of £ under 7.

min KL(vln) <= min—H(p) + ey E(2)] (1)
The RHS of Eq. [1|is known as the Gibbs free energy. See [MMOQ9],[KZ22],[Mon11] for
a thorough introduction.
1 Belief propagation
Belief propagation is a general recipe for variational inference on Gibbs measures. It

is provably correct on trees, but practitioners often apply the algorithm to non-trees
to great success. First we shall consider the related problem of marginal estimation.
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1.1 Marginal estimation

Marginal estimation concerns computing quantities like E,.,[z;]. Besides varia-
tional inference, it is important for Bayesian statistics. Assume we observe y and
want to characterize the posterior distribution of some z|y ~ p,. The marginal
expectations {E,.,, [z;]}}; yield the minimum mean squared error estimator,

{Eomnpy @il }imy = argming By [l — 2(y) ]
=B, [Eu[llz — 2(y)|I°]]

For any given y, E.[||z — Z(y)||*] is minimized by setting Z(y) to the posterior means.

1.2 Belief propagation warmup with ISET

To provide additional intuition, we consider an analogue of the belief propagation
algorithm for ISET. For z € {£1}", we define the set S, C [n|s.t.i € S, <= z; =
1. We define y to be uniform over all independent sets in G with the following
compatibility functions,

wz’j(ll?i,ﬂﬂj) = 1[(371'7353') # (1, 1)].

We have p(z) # 0 iff for all (4, j) € E both x;, x; are not 1. For general graphs G, this
is #P-complete, but this problem can be solved in polynomial-time with dynamic
programming if G is a tree. Let root correspond to the root of the tree, ¢, to denote
any child ¢, € children(v), and T, to denote the subtree rooted at a. We define

Z, = the number of independent sets of G in which the root ., = o

19 := uniform distribution over independent sets of T},

Z f,“) = the number of independent sets of 7, where the root z, = o.
Because the intersection of a subtree and an independent set must also be an inde-
pendent set, we can derive recurrence relationships for Z, Z_. Any independent
set U containing the root cannot contain any children(root). The intersection of U
and the subtree T j1q(r00t) must also be an independent set of Ttpia(oot) that does not
contain child(root). When {cy, ¢s,. .., ¢} = children(root), then any independent
sets Uy, Us, ..., U, of T¢.,, T,,, ..., T, that do not contain ¢4, . . ., ¢, respectively, form

a unique independent set of V' that contains the root, U; U Uy U - - - U Uy, U {root}.
Thus, we obtain the recurrence

zo- Iz o
Croot Echildren(root)
By similar logic, we can conclude

Z_ — H (Z—(froot) + Z(_Croot)). (3)

Croot Echildren(root)



These recurrence relationships provide the basis of a bottom-up dynamic program-
ming algorithm for Z,, Z_. For all leaves i, we let Zg_l) 7% = 1. We can then use

Egs. and to recursively compute Zg_i), Z% forall i € G. Once we have Z.., Z_,
we can compute the marginal probability for all nodes in the tree,

Z,

PINu[xTOOt = +] = Z,——F Z+ X

Z..

Belief propagation translates the idea of recursing on subtrees to graphs with cycles.

1.3 Belief propagation derivation

We define the subgraph V77 to be the subgraph that is still connected to i once we
delete the edge (4, j) from G. V7~ contains all & € V such that there is a path from
J to k that does not cross the edge (i, j) and all edges (k, ¢) € E such that there is a
path from j that includes the edge (%, ¢) but not the edge (3, j).

vint

It is also useful to define the subgraph V'™, which contains Vi as well as i and
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We can define a Gibbs measure ;. with respect to the subgraphs Vi~ or V' by
including the subset of compatibility functions that corresponds to edges in the
subgraph. For notational convenience, we can index the Gibbs measure p by its
subgraph jiy;—: Or gz As in ISET, we want a set of self-similar expressions for

each each subgraph V77, 777" that can then be used to solve for the marginals. The
primitive of our self-similar expressions is a message from node j to node 7,

m?” = Pr [z;=0].

Ty, j—i
We can also define a message from node j to ¢ in the subgraph Vj%,

m{ﬁ(D = Pr [z;=o0]
m"’lllvj%i

Note that we can express Z* and Z~ from the ISET example in terms of the mes-
sages,

Zy H mP
jeai

7 x H(m?_’i + mC_D_”).

jeOi



Crucially, we can also compute the marginal probabilities in terms of the messages.
By the law of total probability, we can express Pr,.,[z; = o] as a sum of the
probability over all s € {1}" where s; = 0. We use the shorthand sk to denote
indexing s by the elements of K and s_g to denote indexing s by the elements of

n] — K.
Ilir [z; = 0] x Z H Wij(xi, x;) 4)
a si=0o;s_; {1}~ (4,j)EE
= > IT | vit@nz) ] vwelaw ) ()
si=o;s_;e{£1}n~1 jeoi (k£)eEi—?
=11 Yoo tulwa) I veelar o) (6)
jE@z ]*Me{il}‘ ]*}7,' (k:Z EEJ*M,
=111 D vulwia) >, I vz @
J€Oi | sje{£l} Sy, {J}E{il}\vjﬂ\ 1 (k0)eEi—i

jEi se{+1}

The factor of proportionality is the same for 0 = %1, so we can simply normalize
the RHS of [§to compute the marginal probabilities. We can also relate the marginal
probabilities to the messages. When G is a tree, V=% is the graph G excluding the

subtree under k.



Q

@

OOOOOQ

This means the message of V7" is equal to

mcC,D_’k = Pr [z; = p] o H Z ¢ij(xi,xj)ms®_>i. )

e WUjeon iy 1 JEdi\{k} se{+1}

D i s

From Eq. |8 we know >___, 1} Yy (z;, x;)m; " is proportional to mi~®. We have

the following recursive equations,

ng_’k o H m{ﬁ(D (10)
jedi\{k}
m{fﬁ) x Z w,-j(a,s)m?% (11)
se{x1}
_ 0] o H —z—>® @—)k _mk—>® (12)
xNu JEDI

For trees, we can compute the messages with a bottom-up dynamic programming

Dy _

algorithm. We pick an arbitrary vertex as the root and assign m,; 1 for all leafs

i and parents j. Egs. 9/and [11|allow us to recursively compute m?"j , m{fﬁ) for all
edges (7, j). Then we can apply Eq. [12|to compute the marginal probabilities.

Belief Propagation can also be adapted for more general graphs. Instead of

recursing, we iteratively update {m®ﬂ _HCD} (i,j)eE,0e{+1} according to Egs. 1
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and [11juntil convergence. Because the updating step can be done in parallel over
all messages, this is very fast and efficient algorithm in practice.

Belief Propagation is extremely hard to analyze rigorously on the non-acyclic
graphs. Koehler 2019 proved that message-passing algorithms, e.g. Belief Propaga-
tion, find the global minimum of Bethe free energy for ferromagnetic Ising models, a
special class of Gibbs measures, on any graph [Koel9]. Belief Propagation may also
work more generally for sparse, random graphs because they “locally” resemble
a tree. Consider a random graph where each edge is included with probability
c¢/n and a vertex v. There are ~ ¢ neighbors of v or its descendants and thus ~ ¢¢
descendants of v within d edges of v. Because each child is equally likely to be
one of n nodes, the probability v does not have a path to itself of length < d is
~ (1 —1/n)" ~ e /", When ¢? << n, i.e. the graph is sparse, this is unlikely.

1.4 Higher-order marginals

Belief Propagation can also be used to compute the 2-wise marginals when G is
a tree. Let (i1,i2) € E and 0(iy,i9) = 0i; U Qiy — {iy,i2}. For j € 0(iq,1is), we let
i(j) denote the unique neighbor. Using the Law of Total Probability and Markov’s
property, we can marginalize over all other vertices V\0(i1, i2).

PTJCNM[(xiu xiQ) = (Uin Uiz)] (8 ¢i1i2 (O-iu Oi2) Z H PVj—’i(j> [xj = Sj]qvbi(j)j((ji(j)’ Sj)

sE{:I:l}a(ilviz) JEO(i1,i2)

X Yiyiy (041, 0iy) H Z Pyisi [:Uj = Sj]wi(j)j<o-i(j)7 Sj)

j€O(i1,i2) sje{£1}

| | E —J—>Z(J
m ¢11Z2 0-'617 0-12 Ul(]) .

Jj€O(i1,i2) s;€{£1}

Interestingly, we can actually express the Gibbs free energy on trees in terms of 1
and 2-wise marginals. The average energy of a measure y is

EuE(x)] = > Eullog1/¢i(i, ;).

(3,7)EE

Note that E, [log 1/v;;(x;, z;)] only depends on the pairwise marginals. The deriva-
tion that entropy can be expressed in 1- and 2-wise marginals is more involved.

Lemma 1. Let pu(x;) and pu;;(x;, x;) denote the 1- and 2-wise marginals. If G is a tree, then

1 01|
= I st zi) [T mta™

(i,))eE i€[n]

Moreover, the entropy of G is a function of j(z;) and p;;(z;, x;).



Proof. We prove by induction. The base case (n = 1) is trivially true. Whenn > 1,
let i be any leaf of the tree connected by (7, j). We find Pr,[z = s] is equal to
Priz = s] = Prlzppy = s Prizi = silzpng = spivil
= Prlzpngy = spia] Prie: = silz; = 5]
fi (i, 7;5) .
15(25)
We can view Pr, [z, = Sim)\(i}] as the Gibbs measure of the subgraph V'\{i}, the

tree where we remove (4, j) and i. By our inductive hypothesis, we can express this
in terms of the 1- and 2-wise marginals,

= Er[x[nl\{i} = Spp\{i})

Prylapp = spnn] = ma (@) = [T mwelonzg [T )l
(kL)EEN{(4,5)} ke[n)\{i}
We obtain
PI[CL‘ = S] = H ng(xk’xz H ,Uk: $k>1 [0y (i Kol :ulj(xu‘§3)
g (kR [(5)} kein\ (i) pi(;
- H fiiee (T, ) H () 1OH
(k)eE ke[n]

Furthermore, we can calculate the entropy of p in terms of the 1- and 2-wise
marginals,

H(p) = ~Esnpllog Pria]]

~Eap |10g pre(ti, ) + Y (1 — |0k]) log iy ()

ke[n]
== Y B [log pe(an, )] = Y (1= [0k])Eqny [log s (wh)]
(kO)EE k€[n]
= > Hme(wr,z0) + Y (1= |0k]) H (i ().
(kO)eE ke[n]

If you are more curious about Belief Propagation, see [KE22].

2 Bethe Free Energy

Bethe Free energy is a generalization of Gibbs free energy to a certain class of pseudo-
distributions. More precisely, we can define Bethe Free Energy over marginals
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{v;, vi;} that satisfy a local consistency property. Every valid Gibbs measure defines a
locally consistent set of marginals, but there may not exist a distribution for every
locally consistent set of marginals. The local consistency property simply states that
marginalizing over 2-wise marginals obtains the 1-wise marginals.

> vl ay) = vila) V() € By + {£1}.
zje{il}

These are also known as degree-2 Sherali-Adams constraints. Now we are ready to
define the Bethe Free Energy in terms of 1- and 2-wise marginals,

Golv] == > H(uelwr, )+ Y (|0k] — 1) H (vi(y)) + B, [€].
(k) eE ke[n]

Bethe free energy is a functional over the space of pseudo-distributions. We have
already seen an equivalence between Bethe Free Energy and Gibbs Free Energy
in trees. Because Belief Propagation is exact on trees, one could hope for a similar
equivalence between Belief Propagation and Bethe Free Energy on more general
types of graphs. In fact, we will show that the fixed points of Belief Propagation are
equivalent to the stationary points of Bethe Free Energy on all types of graphs.

Lemma 2. Fixed points of the Belief Propagation algorithm satisfy local consistency.

Proof. Belief Propagation yields the following marginals,

1 ,
vi(o) = A Hmi_@

v jeoi
1 @ ,
vij(04,05) = 7¢ij(0i70j)mai_>]mg_”,

ij

with the normalizing constants Z;, Z;;,

zi= 3 [lm

ce{xl} jeoi
Zij = Z ¢ij(0i7 crj)mg_)jm?j%.
O'i,O'jE{:I:l}
For any z; € {£1}, we have
1 D ;
> vl ) = 7 > (s, xj)mzﬁjmg% (13)
zje{£1} 4 zje{£l1}
mﬂﬁi 7
E x;je{£1}
x mgﬂmff*" (15)
x v(x;). (16)



where Eq. [14|applies the fixed point condition. The LHS and RHS marginalize to 1
when we sum over z; = £1, so the proportionality is actually equality. O

We can also rewrite Bethe free energy in terms of the partitions.
Lemma 3. We also define
Zl,j = Z m?_)]mi__)CD
oe{£1}

Then

ZlogZ — Z log Z;; + Z log Z;.;.

i€[n) (3,5)€E i€[n],j€0i

Proof. We can compute the entropy of the 2-wise marginals from our definition of v,

_ Z H(vi;) +E,| Z E,, lo Z E,,, log ————
(i,J)€E (i,j)EE VZJ (i.j)€E 1/}zg($z,$])
= — Z Eyij log djlﬂ (xiv x])
(i.))€EE sz('ri?'xj)
Zi
=— Y E,log J
(i.J)€E MmO, P i
[ z;
=— Z log Z;; + Z E,, [log mg_)j + log mg_”].
(i.5)€EE (4,5)€EE

We can also compute the entropy of the 1-wise marginals from our definition of v,

_Zez;]H v;) ;E,jilogyz(x)
= —ZE,,Z log ————

Hjaz mj—>®

= — Z log Z; + ZEW Z logmi?CD
i i ]
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It will be useful to compute ) ._ . |0i|H (v;) using the Eq. [12|fixed point condition,

1€[n]

D 10ilH @) =3 7> Eulog
i€n] i jEOE
— E, log———
;Jezaz mf?ﬂmﬁQD
- Z Z log Z;.; — Z Z E,,, [log mgﬁj + log miﬁ@]
i jedi i jeoi

Finally, we can compute

— > H(vlwe,ze) + Y (0] — D) H(vi(y)) + By [€]

(k,0)eE ke[n]

= |- Z log Z;; + Z E,,ij[logmg_’j+logmg_’i]

(i,))EE (i.5)eE
XY losZiy = 33 B flogm 4l
i jedi i jEDi

_ Zlog Zi_'_Z]EVi Zlogmf;G)

(i,))eE i€[n],j€0L

O

Note that Z;, Z;,;, Z;; are invariant to the scaling of the messages, so we do
not need to normalize them to compute Bethe Free Energy. In general, there may
be many fixed points of the belief propagation algorithm that are not the correct
marginals. However, these fixed points are connected to Bethe Free Energy by the
following theorem.

Theorem 1. Take any graph G = (V, E), which may not be a tree. There is a 1-1 correpon-
dence between messages that are

fixed points of Belief Propagation <= stationary points for Gg.

Proof. We compute the stationary points of Bethe free energy by differentiating with
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®—>j

g 4

respect to the messages and ignoring irrelevant terms that do not depend on m

o Zi_ @ o Zij
omPi T g Di 2 g, O
_ i ® D=y %'j((fzwffj)m?j_"
Dsj_j® D_j ,
ZUE{:EI} Mg %]mZT_) Zo‘,oje{:tl} Mo —UTno(:D_>Z

This vanishes for all i, j, o; iff
m{,l_KD X Z wij (0'7;, O'j)mg_)i.
93

This is exactly Eq. [11|from the Belief Propagation algorithm! We can also find Eq

in the Belief Propagation algorithm by differentiating with respect to m{;@,

oGs] 1 0 19
o ® g OIS T i@
D — kD
My, B [Ticon gy Mo,

®sjs s ®
Doeft1} Mo —Umﬂ_@ >0 icoi s
This equals 0 for all 4, j, o; iff

mg_’joc H mc’jj@.
keoi\{j}

For a more in-depth discussion of Bethe Free Energy, see [Pfi14],[Mac11].
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