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for u , , . . - , 4k orthonormal
,
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Algorithm: Max ④ (T
,
3)

- € ×

over deg-6 pseudo - exp 's over ✗ st .

1) . € satisfies constraint {11×17--1}

2)
. It Éfxxt] Hope d-

entropymnxim.cat#y3).HE(xoxxJCxoxx5)Hopetd
4) HECK☒✗☒✗ 11×0×-0×5111 .pe.to É[✗☒"]

Then run Javid's many times on T%Éf×'#
i.e. take top eigenvector of Tfg , : :) for

Many random g 's .

Endotstetre :

Lemm For optimal É , for 1-411 fraction of i 's
.

E- Cui ,×>
"

¥4 - on )



Tieoremmainroundinganalysis :

If ae Rd satisfies

Eica
, ×>

" ¥4 - old) ,
then WP . d- ¥1T, over g- N(0,2dg)
the top eigenvector V of É¢X☒✗,g> xxt )
satisfies ( v , a)22 0.99

.

Pt : Write g. = Ja ☒ a -181 for

f- N(0,1) and Jt - Nco , Zdoi - (a☒nKa☒aJ )
Denote Mg ? É[ ( ✗☒×, g) ✗✗

T) so that

My = 8M + My ±

wi-swnoiintiwc.FI
① =£aé+o(t①

So if 82100ft ( happens up. >_ potpie, )
,



then Mg=¥(ant +0.01) ,
so top eigevec has large constant correlation

with a as desired .

! To analyze Maui Éflxiiixxt) ,
consider b. C- $d

"

orthogonal to a
.

Then :

bt Naab

= b'☒x.it#t)/b--Eifcx.a5Lx.b5)
note

, €544m)'s 11×112--1
,
so

' E Eleni]- Ékxi
")

t.EE/xo*Ta----oM
we win /ey§µ☒×$come

back -10 E Ild
this Whyy aeruompkte
we disgusting . . E all / d) .



Also
,

a-' (Ma☒a)a= Éf<* in") >_ 1¥ .

And because Maan is psd ,

/ at Ma☒nbYs(aYMa(bYMa*1b)
It

c- oh / d)
,

☐

fltdaat - Moo. Hope • (E)
.

☐

-

⑦ : To bound Mgt=É / (8%0×0×5) ,
write 81=4,9 ,

+ g.) ,

where

9
,

= 81-+2 '

gz = yt -y
' for JIN / a,(a☒aXa☒uJ)



Note , 9
,
, g, are marginally did 'd as Nloisd

.

So suffices to bound

Mµ=ÉKh , ✗☒×>✗F)
for h- Nfo, Id) .

Mh = & hi
;

- Ai
; far Aij ? Éfxixi . xx'T

i.j
--1¥
independent Gaussian

s

By concentration of matrix Gaussian series

( see . e.g.
Theorem 4.1.1 in Tropp

"
Intro to matrix

concentration inequalities
" )

,

11mn11 .pe 115^-511%2 - OF ) ( ko )

with high probability .

If B=Éfx F) c- pilot
/

S=É[ ✗
☒ "

)
,



then

[ Aif)
,

= €; Sijac Sijcb( ii,
csy.in#SaijcSijcb

c. ii,

T

= Ba :B :b
,

so [ A?; = BBT
i. j

and HE.tt?.jH!p--llB1lop
not for any ZEIRD

,
2
'

c- Rd
>

of unit nom ,

⇐ Bit! ÉKxiKx%é)
'

pseudo
-exp .

µ,
→ E É (Lxii) - ÉKx%7)

Schwer
'

= #É(*74.4
' Eif F)é)

entities →
E ¥



So PB /lap C- Hrd , and (A) yields

11mn11 € Itd - Fd . ☐

-

This idea can also be used for

Outcompete tensor decomposition !

(Kad
") T= u?

'

foru.n.y.us/d-1i--
I uniformly

Main conditions we needed to recover component
a c- Rd were that

④ Éfcaix> ") > ④than
(1)

⑨ .

€ satisfies entropy maximization constraints
,

e.g . HE [ ✗5)Hop '④
(2)

It was important that (1) , (2) were both to



Recall we needed to bound ÉMa☒ab
for b orthogonal to a .

btmae.ab-EKX.aicx.by)
I ÉKxa5( 1-Osa>5)
= É Cosas] - Éfcx,a>4)
c- 11 Éfxxt) / loop - E- for>

")

issue : In over complete setting , even if É is

uniform over {u , , . . . , 4k)
,

and a- hi ,

I t

É(Can") : z§fi
"

= Ill -1 ¥
.

* 4<(1+01%1)
= ④(1+0111)



yet

④ fxxt) = f- §
,

uiui afford
,

so HÉC#¥11
, =④ >> 1-

K

Intuitively , issue is that there are too few

dimensions, so Ui 's have tiny but non- negligible

correlations
,
and so HE / xx

") /top can't be small

enough for previous argument to go through .

We
'll use "

Iden Lift to higher dimensions !
Sos to

"hallucinate
this tensor

suppose instead of T= Éu?
>

,

/
we had the tensor TÉÉu=É¥in

{ Wwii }i= ,
,
. . ."

are Kad
" Tandon" vectors

in DZ dimensions of norm



Claimed : If Kad
'

,
then

11¥ F. wiuitllop = ¥ (1+411)
.

Pfsketoh : ( next page)

FineprintisvNotquiterightaszT@iwjwjTzJgorCcanzEfE.eiei is

£§g<¥Iw÷skip
on

first
reading)

⇐ to - d
'

- £, =/
,

so there is a

"

bad
"

direction along which

{ wiw? and Idea differ significantly .

But

can show that apart from this direction
,
i. e.

if we instead take Wi= TIKI ui) for

an appropriate projection away from z
,

the

claim holds .



Use the following general fact :

Lemmn_ (Theorem 5-62 in Vershynin) :

Let A c- IRD " " have random norm -B columns that are

independent with mean zero and identity covariance .

Then

G- Htp ATA - 4. Hops F¥
whee m ? b-Elmiax ¥,

<Ai , Aj>
'

.

i.e. if columns have typical inner product - tf ,
then m = PI

TakeD=d?.Ai=r.w¥
-1pA At __ [ winÉtp

÷÷÷÷÷÷÷:÷÷÷_÷÷
after applying IT from previous page , they will , see
[Hopkins - Schramm - Shi - Steurer 45 , Section C.0.4] .



So m above is 01k)
, so

€11b ? ATA - Idk Hope Ñ(E) ⇐ I
⇒ ④ 11¥ ,EAtAHop= /+ old
⇒ ④Ht☐AHop --1+44

☐

iwi
So we've recovered ② above

.

Remains
to check that lifting u ;

→ u? ' doesn't break

① . But let 's fist specify algorithm :

AI :
Let [ (a) 9- IT / non) "

Lifting map
"

solve
max ÉKT,#7)
É

over degree - pseudoexpectations s .-1
.



f) . É satisfies 11×112=1

21.1/+014*14*5111 .pe/Tll+o4Y
3) HE ((4×10101)/4104×17) /t.pe/- (1+411)
4) HÉf( 11×10×3 )( 4×10×5 ) Hop et (1+411)

Run Jeremih's many times on FEÉfLÑ ,

Sos
"

hallucination
"

of

1-
•
= Éu98
in

i.e. Compute top eigenvector of

T¥g; , :) = ④ KHANH ,g) 4×14×5]

for various g to
get

vectors .in Rd
"

.

form Llu ;) for 1-0111 fraction if i 's
.:÷÷÷÷÷÷÷::÷:÷I



Main TOPO :

Claim : For optimal É ,
wisp over ui

's
,

É§Cw; , ✗
④2)

"

f- 1- old
,

(b)

so by averaging argument from last time , for

1- all ) fraction of i 's
,

ÉCW ; ,
#2) 2¥11- old) .

Pf sketch
-

:

Uts g (b) = Éf§4i , ✗8)
We will prove

"

baby version
"

of this for intuition :

Babilonia : É§Cu ; ,x> 4) = 1- out .
PI : will give low- degree Sos proof

starting from { Lui /✗721 - old .



⑤Lui
, =/{ Lui,×Yu:/ ×}i

£11.94:# " II. 14¥
Note H§Cui,x5niÑ
= § Chi ,×>

"

114¥12 -1 [<uiÑCnjx5 Lui ,uj)itj

= { Cui ,# + §g<ui,xKuj,xRn:
junk

so

{ Cui ,x)
"

I { 4 ; ,×P - junk
-

To bound
"

junk
"

, suffices to bound

HFg@iini7uioxujYuioxujJTH.p .

-_ • (1)



A lossy bond : let ME /Rd
"

have

columns consisting of Ui uj
's

.

Then

EgLni.nj7@iOxujJCuiCxnj5-MdiagCLui.us?} :*) MT
,

while has 11 - Hope HMHOÑ -

mY¥⇐¥-
Note : M is a submatix of V00 , where

we lRd×" has olmns consisting of " i 's . Then

llmtlop = 1100×41 :p = tulip's (E)
"

=¥.

So HMdigf.int/lopetdr- ¥ : ¥. , so
junk = all) if k<<ds

Pset 2 , question #3 ( ungraded )

gives
a proof of the

"

right
" bound

getting kad .


