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LectÉE :

let ✗
, , . . . ,✗n c- Rd be samples from

g-- ¥ ;ÉN(mi , Id)
Define OE min 11mi -Milk

itj

N E ÷ fn# pts in each component)

let + (Sos degree) be power of 2 . Suppose
0 → rtk

"t
.

SoSprog .

Variables : a
, , . . . , an ( 1 - dimensional)

µ ( d- dimensional)

constants :

1) .cn?--ai (Boolean indicators)
2)

.
Éai=N ( selects out enough points
in for one component)

3) IN Fai ✗ i = M (his empirical mean of
. points selected)

4)
. f- Fai Lu , ✗ i-mfs 21-+12/141-1 ( selected points have

Gaussian moment bounds)
for all vectors u

*

-

Let Sjcln) denote samples from Nlri , Id)

÷Éi:÷÷:÷:÷Éi÷÷ii÷¥÷¥ii



rornowiasswned-IT-soconstra.at4) becomes IN Fai Gi - m)-1<-2-1
"?

overtopWÉ : Let 5--5; ,m°=m; for any jc.lk) .

pb¥¥nd There is a deg-01-1) proof that :
•
-Kaif (n -rife EYEieso " i)

""

.
N . +

-112

.

its

PI :(E. a)
+

- in- NY

= aik-Nyt
= ( Eg. 9km - ✗ il - Cri - × ;D)t

by degree-tHoweis:&biÑ=÷÷biÉ÷)É§bi)"§bi
inequality
(Sos - able) for p=¥

, ,
9=-1

<_(E.a¥ÉaifÉiÉ
(a-b)1¥45

')
d-I

•

a:)
"

. /E. a :(An -✗it + In' - ✗it))4)

Note : Eg ai (m -✗it ! [a :(mi -✗if ± N . 2++12
all i t

m%¥d , i.e. constraint
4



[ a :(Ñ×i)+e[ (m' - a)
+

IN -2++12
ies' pies

.

I
Bodeanity ,
i.e. constraint I assuming 4th

empirical moment of
actual

samples from
component

concentrate
so

¥.at/m-ri)+E2#(Eai)+
"

.

N.tt"
. ☐i c-so

Fifweddiideb-s.de
take 1- th roots

,

we would get

• Mails fin E. ai )
""

.tt CH

i.e. if overlap between our points ( chosen by a ;)
and true points in component 5 is large ,
then our M is close to the mean of S!

Iain!Tf ai 's were real indicators of a set S

satisfying (a) for every center m•= Mj , then



component f-• with largest overlap with S

satisfies 15ns;h=(1- 8) N for felt
"? 04105!
Gal)

Pt : Note 1- 824, by averaging ,

and lsnsjl ? ¥ - N for some j=j• .
So :

/Mj. - MK (1-g)
"+

FIE K
"+
Fl << 012

,

Ey . applied to comp.jo

so /Mj -MI > f- .

Thus
, by (8) applied to comp . j ,

§ < Ini -mk (E)
""

re
,

so SHE " (ai)
,

and thus f g k -1+12-041051 as claimed . ☐

i. e ,
ai
's must have 1- • (1) overlap with some

component!

-

IOU 's :

- Sos version of claim 1 ? 1) closely
- rounding Sos solution ? C

related

- d > 1 ?



Issue with Claim 1 is itbIÉI across
clusters

.

Makes it unclear how to round .

[ ( symmetric version of claim I - still not Sos) :

If ai's are indicator of S
,
then

k

⇐45M¥ )'s. I - lit" ' -011105'
N0-Ii-hisimpliesclaiml.Definec.jo/SJr-nf

so § Cj =\ . Thus I

1- lit
" '-011105's Es? c- (mage;) . §É= may cj

,j

i.e. exists js.t.tn/Sjns1zl-k4tk.o(yojt ,

p±?¥÷÷÷÷¥!w↳minm⇒kt
I = ⇐ Cj T = §s

?
+ ZEC ; Cj

j i -J

show
these are small



cite '"

E C;"+lmi-gM- + g."+ lmgH_

R(??Y?
'em" in particular co ,

1mi - HE ii.
"+

-FI
,
so

thus §g Ci - Cj E k? 0
+

as desired
.

☐

NÉiim-
Claim3_ ( Sos version of Claim 2) :

for any deg - t pseudodistribution over { a ;) , µ ,

É / §É( tn.E.si:)) >_ 1- it
"

.gl/o)t



PI : Define g- °=€%a ; ( now a deg-1 polynomial).

Recall the only thing we have proved
about É is that for all je Ck) ,

cjt.fm - µ;)
-1
E 01+51" - §

"

. (1)
Next

, note that

c- (ri - r;)
-1

=

f@i-N-fmj-rDtE2tflni-nY-iChi-n5J.so
Ki-M¥Y¥Ñ_ c- I (2)

Combining (1) and (2) yields

citg.tEYig.t@i-YY-jI_i-mtEzCoY.fg! I + dicjlmjr]



(1)

tzr-igtfi-cit-1-i.EE
' )

ciijl-l-2.fr/o)-ci+-'g.-- '
so we have proved in deg-Clt) Sos that

city! softly
-1 '¥ '

.

To avoid working with odd
powers , square both

sides to get

c?+c? -1 c- 01+10)+c?
- '

¥-2

Thus
,

④ fc ?-1¥) I 01-118)+Éfi
"

-2g") (a)
E.How do we simulate taking 1- - th roots in Sos ?
A- : " pseudo - expectation Cauchy - Schwarz / Hilder 's

fa.IT?d:tiY.E.nwwiy:cIfpHaGDEElplxD"
! cities]

" '

for any p,q of degree ÷-112 and É any
deg- t pseudo -expectation .



Fat (
"

Hilder 's
"

) :

E- ( poi
"

)eÉ[pot)¥
for any deg - l És polynomial p and

É any deg.tl pseudo - expectation .

pf-s.PE#
Applying pseudo - exp .

Hilder 's too (a) , we get

É[¥q."] eoctloy-icfitg.it)¥
now we

can divide
⇒ ÉfYg") ± 01-1105

"

freely

Applying pseudo
-up Cauchy - Schwarz, we have

Éfcicj) : Éf 1)
d- Éfcicjl ) "

'

. ÉC#



and repeating this log# times
, get

Éccic;) e ÉC 7114
-

Thus, ÉG :c;] c- 0-(1/8)
"

it itj ,

and thus

É[§É)=É§gj - Eir;]
÷

d- 1- Ii-1*011/651

as desired
. ☐

-

Rounding :
Can't just output Éfm) bk {a;]'s don't

preference any particular component . . .

How do we know {ail 's are indicating a fixed component,
or a dist over components ?

Trick : entropymaximizat.io#



Want pseudo - dis't over {a;)'s to resemble uniform
distribution over true-life { ali! } 's , where

a
'? I # ( ki from Nlhniisd))

This distribution has high
"

entropy
"

as quantified by

//§fa
"' 'F) H

'

(ENT)
F

Note :

(ENT) = f- , Laci DT
,

as
- '

Jfaci
'

) )
-1)

j,j=1

=¥E÷
0 if jtj

'

bk components disjoint ,
K

=¥§, Ha
"'ll:-. F-

We pick the pseudo - distribution solving

Max //ÉE÷ Can
.

.int] /If
É

subject to IÉ Satisfying constraints of the program .



Lennox :This É satisfies

HÉ /aat) - g- fan 5) 11 ; (-11
418%41711*-4.4*05)j

PI : Because unit distribution over { {aiili.tt} ;
is a feasible solution

, ④Caat) / IF c- 1- , so

(f) = 2¥ - F. §, Éka , a"'t ]
= ¥ - I .ÉÉli¥)

Ncj

= 2¥11 - Eci )
E N
'

f-
( k? -1
"? 0111051)

. ☐



n

Note
,

④ ( aliyah)t)=
. /j

¥ )
( after rowkol permutation)

,

so Lemma implies that we can read off

clustering from Éfaat ] !

Fi+hiÉ=
Warmup lemma and main Claim 3 easy to generalize, e.g.

Bef

(Es.¥(m - m# I ( f.g.
a :)
" "

N . -1+1!

After

(E)+11M -milfs 2041¢ a ;)
"

N . -1+12
.

Ies ; ies;



But µ -Mj/Ii = (m- Mj , m - m;)
,
so

can just
"

project
"

data along µ -Mj direction

and reduce to ID proof .

( need to be careful bk µ -Mj is not a real vector

because µ is an Sos variable)

trickier : how to impose constraint
1-

In É ai G. ×; -µ)+E 21-+1
' Hull

,

i= '

for an ne Rd ?
Because we will apply this to u= µ - Mj , need

this to make sense even when u is not a real vector. . .

Idea : Constrain Vin

µ•jñ¥É÷µ£É,
:( xi.nl#pxi-nio-+njT
- ④ ⑤ +"

( g☒+⇒ /[ =p
g-Nlqed) F

(satisfied by a:-.
ok? and µ :Mj , if n large enough)



i.e. pick out subset s.-1
. empirical order-t

moments are close to those of Nfo , Id)
.

Fact : For an Sos variable u
,

④ ( g. u>
+

e +
"2. Halli

g-Nloid)

has a deg-t Sos proof in '̂
.

PI :

Elgin>
+
= [ is Elsa]
deg-tmonomials ✗
ft . every
variable appears
every # times

c- +
+12 [ no

2

= -1+121141+2
. ☐

÷i÷÷÷÷÷i÷÷÷÷::÷i
.

both sides with µ -µ;)
"if? - (µ -n;)

"2

, weget :



f-§, aiq-mj.xi-r5-f-LM-mss.IE/1m-m;D!
① ( using Fact above)

IN §
,

a:(µ -ni , MY c- (1+1-+12) Hmm,-11¥
c- 01+51" 11m-mill

,

which is sufficient to prove high- dim generalization
of warmup lemma and its consequences .


