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Gibbs free energy on trees only depends on 1- and 2- wise

marginals :
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- Entropy : implied by the following :
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Pf : Induction on size of tree.

- Base case G--1 ) is vacuously true

- for inductive step , take any edge ( i,j)



connected to leaf , where i is leaf .
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completing the inductive step .
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so entropy ten in Gibbs free energy also only
depends on 1- and 2-wise marginals .



Leads us to define Bethefreeenayy .

Domain of definition : marginals { ( Vi , Vi;)}
that satisfy

" local consistency
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For trees , we have seen that

Bethe free energy = Gibbs free energy

Clai : Fixed point of BP satisfies local

consistency .

PI : Recall BP gives marginals
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This holds for all Xi ,
so

"

A
"

is actually
"

=! ☐

so-BPFomepoii-F.at#dape

••t

Bethe free energy



C-onuniYGR-e-eneyy.lt
Zi E Eg,,¥, ;ñ

①

Zij°=¥gwY;Gii%)m¥¥m%Zi ; ; & E m m-
①

a- It)

Then

pg.GBH-s-E.fi?-#.ghZij-EyEgihZi;jW-.ie.....-EHki
;) +EE = - Ect In

"
,(i.g) bij

= - ¥,
' ^

= - E In Zij + {E[mQ¥
( i.5) ( is;) Vij

TIE;-]



- HK ;) = - § Eh¥;)
= - Etch

is
i Ui

jej,
✗
i

= -Eh? + {④ [Eh ñ¥① )
i i 4. jedi-

E Hit . Alvi)= Ffg, h¥ii

=

E.E. ÷

= FF.fi" Zi - §§¥(hm?
1-

h¥)
.

☐



THI : For any set of ( Vij ) c- 6 , end
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so stationarity = BP fixed point. ☐


