
Lectured : Mean- field limit
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Holds in

"

weak sense
"

,
i.e. for any

"

nice
"

( e. g. bounded , differentiable , with bounded gradient)

tesfwtion 4 : Rd→ IR
,

1410-1 2+1,10-1 do =/410-1 . diff, -0%+110-1 do- ( H)
( bk differentiable solution to (b) may not exist)

.

Note that for É+V+ ,

LHS (6) = ¥, E- (41-0-+1)
(diff . under integral)

= E 410-+1,1+-0-+7)
is;÷i¥¥Jpqa , -0%+10-1> ditch

] =( integration by parts)
RHS 4) =# (a)

, 8%+10-1> depot
'



Non-asynptoticconvergencetothemem-fieldl.in# :

"

Propagation of chaos
"

[Kac ' 56]
,

[ McKean '69]
,

[Sznitman '91)
want to compare :

• (①"F) no, , , , , . . . : GD iterates given by

d-Y
"
← -0!"- HPLC -0" ')

• ⑤ F) + zg :
mean - field iterates given by

d-0-7=-04+(0-7) dt
where
f, -- law (0--7)

NIE :

K - I

g-
"? = -0

'? + 2hE Fil -0
'"iGe+nYe+ , ))

1=0

⑤ I = -0
'? +2£ GCÉ ! :p , )ds

for F. (0-1%41) ? @ -fo.CH/.Pq.o(xi0-i)G(O-is)&-PUIpCo-J
Our goal: upper bound 110--7-0-411
To do so

,
will bound by Kha self-similar expression

4th
form

(smartens) + £11 -0T. - -0"?" /Ids



This will imply ( by Groinwall 's inequality ) , the desired bound

Let ⑦ h - 6/4

11 -0-1.11
Kh

k -1

= 2/1/610-7 ; f) ds - h# Fit
"! Genie.nl) / I

± 211 Ñ(G(Eis :B) - GCÉ!' :P Dds// ①
+

211 ( GCÉ!! -610-4'%dsH②
+

2)|h&É§(É¥kn) - File
"! Genie.IN/ ④

1:
Small because G is Lipschitz by assumption ,

and can show up varies smoothly over time

so that p, and Pgs,
are close



G :

Again by Lipschitzness of G ,

1161-0:# -610-94*115110=1--0%41
,

so ④ is bounded by
Kh

1110--9-0-4" /Ids
0-

looks analogous
to what we want
to bound on LHS . . .

③ : É§(8¥ ; pen) - Fil-0% Genie")))1=0

f-
Key idea : this has expectation G(-0¥ ; fe)

,

where §, is empirical dist In :& s

over many steps l , the total deviation between

Fic-0% Get, ,ye+,) 's and 61-09! ; fe) 's is

of order hrkp-bymartingnleconcentrnt.io#



Remains to bound

&É§(É¥kn) - GCO-9.is:))
= 'ÉiÉf¥U(EYE ;^) -010-9,0-9.1
again , by martingale concentration we can

essentially replace ④ Ufo!!
,

El
,

! ) ( deterministic)8

with V1 -09!
,
Ejh) ( random)

Then we use Lipschitzness of V to get

↳ Ej.E://uco-9.EE ) - Yo-Yo-9.111

i
- -0%11c. tnÉ÷

. .

" xEa+e
.

that looks similar to what we want to bound



When data distribution has symmetries ,

PDEsimp-idab.IT

Suppose training data {(✗ in :)} satisfy ✗in Nloind)

Yi = 411TH for IT a projection to a low -and
dim

subspace V0 .

Then joint dirt over f.y) invariant under rotations of ✗

that preserve V0
,

i.e. Rv c- it it vev!

Obstruction : Let R be such a rotation
. If

Po and Pj are two different initializations of

the weights related by pj=R# po ( i.e. to

sample (aiui) from Pj , sample ( a ,w) from Po

and take a'=a
,

w' = Rw )
,

then fi=R#P+
.

So if Po rotation - invariant
, f, is invariant to

rotations preserving V0 , for any tzo !

f,
thus completely specified by distribution on

( a. Tlw '
" H

,



i. e. Wege
- dimensional PDE !

Denote dirt
. or (a ,s?r) by PI

.

d-ipj-divff.PE ¥
,

) +

date - da Is;) +

f-HIRE, -drive
,
)

.


