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Claim : For any

univariate polynomial p

s-t.pt) >_ 0 for all ✗ c- R
,

P can

be written as a sum of squares .

p§ :
I := degcp) ,

induct on 1
.

Base case of 1=0 trivial .

For I > 0
,
let 2-20 be min value of p,

achieved at some ✗= a
,
and consider

pG) -z = (✗ - a)
+

god for q( a) 1=0 .

Order of t must be even ( why ? )

so 91×1>-0 b- ✗ c- IR and deg(g)I ,
completing inductive step . ☐

-

Claim is not generally true for polynomials in

more than one variable
.

[Hilbert
'

88) : nonconstructive proof

[Motton
' 67) : explicit example :
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.pt/.yjzoV-HbyAM-GM inequality

- Tienen : play) not a Sun - of- squares

pfsk-e.tk : If it were Sos, would have

to angst of squares of the form
( ax' y + b ✗ y

'
-1 Cxy + 1)

2

,

but the coefficient of
2 is non-negative

for such polynomials . ☐
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Constraints : P , (E) = 0 , . . . . . Pro) --0

9,1×7>-0
,

.
.

, % 1×7>-0

for polynomials p , , -→ Pr , % , . . ,% of degree et .



There is a deg - t Sos proof of the polynomial
inequality f- (E) zo if one can write

fG% ¥, 9.1×7.50%1×9

+

E Tloh.

- 9TH)
TEG) iet

+

Sos ' E)
,

where SOS
,
(F) and 505%5) are sun -of -squares

polynomials , g, (F) are arbitrary polynomials, and
all expressions above are polynomials of degree at
most t .




