
911342£

lecture4-sm-the.am#-enso-rdecomposi-ion-g
V.V c- Rd

"

arbitrary

Ñ E V + Fa - No , Id)d☒
"

Ñ E V + Ira .
No , ed)d☒

"

Def_ : ÑOÑE Rd"" is the Khatri - Rao product :

④ OÑ )
: ;

= Velu
:;
☒ V

: ;)

Tim :
If KE 0.99 d2

,
then with

probability 1- kexpfnhld) ) ,

0min ( ÑOÑ ) > r( %-)
-

① : Reduce to
" leave - one - out distance

"

DI : Given ME IR
""

with columns Mi, .-. ,Mk
,

the leave - one - out distance LCM) is given by

km) & I:^*, 11TH
Mill

,

9/16/24



where 1T¥ is projection to orthogonal complement

of span ( Mt , . . - , Mi- i , Mini . - - , MK) .

Fact : NM) Erk - 0min (M)

Proof : Let u c- $
" "
be min . sing .

vector so

I /Mull = 0min (M) . WLOG suppose U
,
is entry

w/ largest magnitude , so 141 ? ¥ .

Then

am)e 11TH MH= inf
VE span /Me , . . ,M,)

HM- V11

£11M ,
-1 ⇐ ÷ Mill = ¥ - 11mn11s ominlm) - E. ☐

=É→M
So suffices to lower bound l( ÑOÑ )

.

In fact,

will lower bound HTICÑOÑ )H for IT

a projector to an arbitrary subspace of dimension

Z d
'

-1<+12 0.01 d
'

, for every ie ( K)
.

Then can just union bound over i c- (K) , taking

IT = IT! (note : IT! and (ÑOÑ ); random but their

randomness is independent)

I



So w .
-1
. s :

H
; V :j
I I dz

Lennox : For a,v c- Rd arbitrary
,

WCIR arbitrary

subspace of dimension D? 0.0112
,
if

uh = u -1¥ NCO , Id) and Ñ= ✓ * Ira NCO ,Id) , then

ltwlñ F)Heroin )

Wip . at least I - expfthld)) .

! Warmup w/ one vector :

Beena :
For nerd be arbitrary , Ward arbitrary

subspace of dimension 0
.
old

, if
Ñ= ut Ira NCO , Id) ,

then

11Th ill >_ naira )
w-p . at least I - expl-Nd)) .



E-asyproofthatdoesit-geera.ee :

pick any orthonormal basis { w , , . . ,Wp } for
'W
,
so

III.will = It kw.in?..YwoiD11
.

note (Wi , ñ) = + franco ,
1)
,

so

arbitrary

(Wi , in) is Gaussian w/ variance
.

Fact [Gaussian anti-concentration] : for any
interval I of lengths , Pr [ get] I 0 (s)

.

g-Nail

¥É
So each (w ; ,ñ) has EOG) chance of

having magnitude ① ( PNE) ,
so

Pr / 11%41<-0Cora)) c- Priori ,ñ>KOGAN)

A-prooft.ae?ldHO#?.



Define
"

row echelon
"

basis for W
*

w ,= ( I , • , * , . . . , b)
wz= ( 0 , I , & , - - -

,
* )

↳ = ( o , o, , , , . . . ,•, }e W

:

Wp = ( 0 , . . . , 0, 1,0 , . -no)
T

p-th entry

s-t.at Id's el ,
so HwiHerd Yi .

Consider " revealing
" (Wi , E) 's in reverse order .

(Wi ,ñ)= (win> + F.!+ FOE (Wi); gj
,

j>i
r

so conditioned on cwp.it ,Cwp , . . ., <wi-i.in> , there
is still some

"

leftover
"

randomness in conditional

distribution over <win> . By Gaussian anti- conc .
,

conditional prob that kwi.it/EOGlrd) is EOG )
,

so this holds for all i with probability exp.fr/d)) .

Recall Hwi Herd , so for Ñi ÷ FIFI ,

HIIIIIkiii.us/--f-w..u-Kwi,iHtOCP1d).N.-#aeassumigforeeriED)Gi-sw-Ws.t.Wit--
.

This is WLOG : if not, permute coordinates .



Note
,
we lost a factor of Ira

( i.e . ¥ us ¥ ) in this alternative

proof , but what we gain is that this

alternative proof generalizes .

2

Back to (non-baby ) Lemmon :

Need
" 2D

"

version of row echelon basis
,
and

"

ordering
"

specifying how we condition on randomness
.

Given SE (d) ✗ (d) , let Rc (d) denote row indices
,

i -e - R ! fist . 3- ( is ;) c- s } .

Also Rio { j :(i.j ) c- 5 }

For simplicity ,
let's pretend R={ 1 , . . . , D ' } for some

DED
•

T

recall D= ① (d)

N.B.in#iDasepre.page.mightneedto-
permute coordinates first



"

constructs
,

basis { w " ki.pe s for W,
and total ordering KK on each Ri s :-|. :

1) .

W
'""

has Max entry 1 in entry (in)

2) WC "" has zero for every entry ( iij
' ) s-t.

i' < i or j$j

3)
. IRI > Ild) and IRA?r(d) Y ie R

.

PI : omitted
,
see [Anni et al .

'

18]

e.g. if IR/= TD and Ri -- { 1 , . . . .ro} , and

if 4 were the natural ordering on { 1 , . -if}
,
then

(2,3) 001 • - --- *=p : :W
iii.

&µnfordfferentrd*
To use this to complete the proof , note we Wfs

there is some (ii,) c- 5 s-t.

I w
"" it >-Mild) (o)



For every ie R ,
consider

e;TW(
"J)y

.

Note { W
"""e

; {
jer ; are

in
"

row echelon
"

form ,
because (W" e;) ; =L ,

and

for all j 's j , ④""
"

e.) ji = 0 .

So by ID argument, w/ all but expfrldl) prob ,

F je Ri et.

fei-wci.nu/zr(p/rd) . Coto)

Let vci) & Wti 's)j for such j maximizing /eFÑ""j/

Note { Y→g
,

} is in row echelon form , so

by again applying ID argument, w/ all but

expfrld)) prob . , Fie R St
.

✗¥÷%,ñY>_ nostra) cooks



So by (6) and Gao) , recallingvk.wci.iq/iiw'"" if ±r( Hd) ,
establishing (B) . ☐


