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lecture25.fi/-fnsionsandGMMsThm-Jaksonf:Forf:1R-lRwhich is

L - Lipschitz , for any 1>-1 there exists polynomial
p of degree - l s -1 .

Sup / flx ) - pcx ) / E r4l
liter

proof ① Prove for trigonometricpdynmids
outline

:

⑨ Prove for f- (HE ✗ for ✗ c- 1- tin)

⑤ Prove for general f over C- a. *)

② Conclude for ( algebraic polynomials)
-

④ : Trigonometric polynomial of degree n :

Tn :{ Got ,§
,

a

,
coslkx) + b , sink , akiske IR)

LEI : Given distinct points %
, . . , Xzn in f- it , 't)

and values Y , , . . . , yzn , there is unique interpolator PETN
satisfying pH ;)=y ; Yi .

PI : Enough to show any nonzero PETN has at most

Zn zeros
.

Suppose it has 2^+1 zeros ✗
, , .

. .
. / Xzn-11 .



Then write pH = É g. e'
""
= §yqz "

K =
- n

for 2- = e
"

.
Then z^p(x) = Éc , z

"

k=o

is a deg - 2n nonzero polynomial vanishing at 2^+1 distinct

values of z
,

a contradiction . ☐

Le= : F pet s.-1. for f-G) e- ✗ for ✗ c- far )
,

sup 1pA) - falls ¥
✗C- f- a ,x)

PI : Let p be the unique interpolator for

÷:¥÷÷
at the nodes ¥,

a : k= - n
,
- ntl , . . . ,n -1 , n }

Note that because plx) = - pl - ×) for all nodes ,

p must be of the form Éa , sinlkx) .

4--1

furthermore , sign / P - f) oscillates between the nodes
,
so



IT IT

/ lflxtpf) / =/ f- G) slxjdx - so)d×|
- a É

symmetry
2 x.sk)

IoT:-D

¥¥*¥¥¥
I •

①:Byintgratio^bypar-s,givenL-lipschik,periodifÉ
! z f ' (2- + ✗ + a) dz
-A

= f- (z + ✗+ a) dz + (zfktx
" "

z= - Tl

Ea*E 7*7
by periodicity !

I

so 2x f- G) = [ + f-
'

G- + ✗+a) dz
-"

fear approximate using



trigonometric polynomial p
from part ④

If 2- replaced # approximation P , we get

approx error

I

ffz - p) f- 'G- + ✗+a) dz
-Tl

( ( as:¥h:)
Ti

E S Iz -ptd.z.my/fYxY/
f¥ YIby assumption

E÷
① Can convert BH (algebraic) polynomials of and

ere trigonometric polynomials p via

p( × )= q( cos × )

Tf g : f- 1,1) →R is 1- Lipschitz , then xtglcosx)
is 1- Lipschitz periodic function over f- a,⇒

,



so exists trig . poly p s .-1
.

'

lpc-xtgk.si/s ¥ b- ✗
.

Consider pit p¥) .

We also have

1ft)- gcoosx)/ s ¥, if ✗

Define q( y ) & planes y )
(well - defied b/c § ever)

.

☐


