
¥"Lecturel_4 : Statistical Query Model ( cont 'd)
SQdmension- ( recipe for supervised problems)

Def : Class of functions 5- = { f- : IR →flip} has

SQ dimension Z D wir . -1 of it F f , , .. , 1-DEF
Ñ J

/④ [f. G) f; (A) Ktp '

✗ng

THI : If I has SQ dimension D
,
then CSQ

learning requires tolerance T or r(Di) queries

Rf : For convenience , define ( f ;g)ÉE[fHg(xD .

WLOG let 5- = { fi . . . . , fp } .
Giver query ¢ : Rd → C- 1 , 1) , let

A+E ( Fe 5- : ( f. ¢72T }
By Cauchy - Schwartz :

G. §a+fY ' 11¢11
'

- H§a+fH
IT

c- §aHfH+lAtXA
c- ¥+1 -11A'T



But (¢ , ,§µf) 2 T / AT by defn .

,
so

c-YAY
'

E lA¥ + MY
⇒ Into.pt?-,eo(÷)

similarly , for A- I { FEF :( f. d) E-it
,

/ A- 1<-04 .) .

So regardless of ¢ , all but O(E.) many

f 's consistent 4 the answer 0
,
so

need T2 ) queries .=

SQdimensionboundfiddaMPs:

[Goel - GottaKota - Jin - Karmakar - Klivnns '20) :



Let SE[d) be of size m= lgzk .

Given we {£13m , define w
G)

c- ☒
d- ' by

if?= {
with it ies

0 0
. W

Define fs : Rd → IR by
m

fs G) ? E !Yi) - rein Kw
"?#

WE{£13m
( Note : this is one - hidden -layer MLP 4 size

27k )

Claim : If q is sign- symmetric list. over IR

( for any ×
,

✗ and - ✗ are equally

likely under g)
,

then SQ dim of { f, }
is d- (dm)

.

PI : for any distinct FT of size m
,

wits ( fg
,
ft > y

= 0



For any ze {+ 1)
^

, note that

fsfxoz) = [ Tfw ; - reluKw?zD
W

relnkwcd.az , ✗7)

=

§ Tiwi . 2s . relnccw
'"
, xD

=

zg
- fs (X) .

by sign symmetry

so ( fs
,

f
,)q¥§€( fscx.az) ftp.oz))
==§§[ fs (x) ft G) 2s 2T )
=§( fgfxlf ,- (xD . €12s -2T)

I.
☐

if 5=1-1

/



NI : Technically
,

also have to make sure { fs]
are nonzero functions ! See paper for this
calculation ( Hermite analysis )

.

[Diakonikdas - Kane - Kontonis - Zarif is '

20)
showed stronger Ibd ( DYK

)
queries or 2-

Pd""

tolerance)

using different instance of approximately orthogonal

functions : given 20 subspace UE Rd ,

fu G) = hku.it?Cm-.x7)
kwhere h(a.b)=E( - 1) (¥) ,sin(¥) ) ,(%bD

.

F- 1

and u
, , uz are basis for V.

idea :D mite cuffs of fu are 0
,
so

( fu
.
fr>
No ,zµ= ( f

>

,

f
>

)



Hd
E (" correlation/ UV)

")
/

so if we take a packing of the

space of 2D subspaces , we get the desired

Ibd on the SQ dimension .

-

fatisticaldimension:

Def : Set of distributions
I has statistical dimension

20 w.r. -1 . reference distributionDandavg._
correlation 8 if Y T of size 2/7*1/0 ,

Ppt)&¥¥.ey<Did;> D E J
,

me- (pi . D;>☐ =¥G / 4b¥, -1)(%¥, -D)
Thin : If Tb has statistical dimension 20

,

then learning did 's in 7 iwl SQ alg . requires

either#) queries or tolerance
.



PI : Giver query of :lRd→1R
,

define

A+ :{ P' c-T
"

s
.
-1 . Eft] >_ Ctplotr}

D
'

A- :{ DIT si. ftp.fdegfh-ff
,

i. e. set of dist 's in T• St . answering
& w/

§ (d) is incorrect
. w.to/A-1 , /AT small .

2

¥1401 . E.+4b¥, -X' €100T - ¥¥n¥¥
⇒

T
= Even.+<Did "b
c- IN?Pp(A+)

Remains to lower bound

E. 1401
- £*{%¥, -135 .

14

Note : -9*1×1 -4m¥, - B) = ftp.GGD-E.ldHD



I V8
,

so (6) I 1AM? 8
, so

BCA-11>-8
,

implying 1A-11/11-9 s 110
.

similarly
,

/A- 1/11-4 c- 110 .

So need) queries b/c each one only
rules out a 1/0 fraction . ☐

atiw-
Momert-matchigand
Consider Pr and Pr , ( defined in slides)

for moment -matching distribution A. WLOG

Suppose ✓ = ( 1,0
, . .

. / 0)
,

V! (cost , 5^0,0 , -.-1,0)
.

Claim : Let Q be dirt over Rd

given by taking
X-P
,
and outputting v1.x .



Then (Q.QZvco.pE@osO-FHKAiAnco.y

Pf : 04×1=1 Pretax
fi ; Gaussian

I :#v7.x
t

'

>
v. =/ Ai ,) . G( E) dadi

:
Kii) :

✗
,

⇐"⇒¥ "¥

✗
,
cos0-+2,5^-0 = ✗ ✗= ✗¥-

scaled

{convolution =) A 1×1 ) Gfr ,) dx.dz ,
og A

and G , ,z ,) :

Gavin
×
,
cos0-+2 , sing

= ✗

e- UeAH)/AHHH
-

' '

Ornstein -

Uhlenbeck op^eÉt% "



( note : to sample from UGA , dear ✗- A and

output cos G- ✗ + sine g for g-N(0,1))

is

write Ah
☒

= [ aiH_i( ×) ' ¥!
i=0 probabilist 's

Hermite

polynomial

V-k.is m

note : ai = €(¥¥ He :O - ¥
.

)
✗nMH

= J A G) He :(×) - ¥
. %

,#gondiib/c
moment f(Gd) matching -_ 1661 He :B - ¥

.

dx -1--0

"sea.

" 8- ( Hei -6k¥
Intuition :

noise
Cosi (f) He ; -1×1 GG) ,

i. e. (Hermite ✗ Gaussian density) iseigerfmc-ion-cfnoiseoperator.IT
•

So Ug AH = [ ai
Cosi G) He

,

-G) 661¥
.i=o

Cbi -9M£ a. cosi (e) Hei G) 60¥
.

i=m-11



{QQ>Nco ,, = ( UGA - b- A)
neon)

= £ a? cos
"

(e)
f- m-11

£ cos
""(of :-[ a?
÷÷
(A. A)Nlon)?
-

We conclude that

(Pv , Pj>neo ,Id)= {A 'Ve A)Neon)
by

the above

É <A ,A¥
,,
.LV
,
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,,
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"+ ' (G) (AIA>

nco , , ) .
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