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Frobenius :

Ñ-(E. Iii )
" '

Injective (tensor analogue of operator norm) :

11TH ,nj = Max / (T, ✗☒71
11×112--1

(NP-hard even to approximate to within n
"" factor)

Note :

LT
, 3) = (€µTijk×i✗5✗kY

← (E.Tiii ) (E. ✗ixia:)
= 11TH? - ⇐✗if = 111TH

,

so HTHnjEHT
Note : This was a degree -6 proof !



Ismay : For -1 ? 6 ever
,

11TH
so,
? M§a× É(T , ✗

☒3)

where É ranges over deg - t pseudo- expectations
over Sos variable ✗ satisfying 11×113--1 .

Note as 1- → ✗ ,
Sos nom approaches injective norm:

11TH soso.tl/Tllsosg2---2HTllsos+1HTHinj

No-k://THr.tl/Tllsosgbk proof of

11TH
,= ? 11TH in

,

was deg-6 Sos proof .

Normotrehuping : Let M be reshaping of T
into d ✗ d

'

matrix
, i.e

.

Mi ,jk = Tijk .

11TH
,, .am

= 11Mt
op



"
Tim ×i✗i%j= T

'

(¥¥f - E.Hiiiii
=

11Mt ✗ 11: e ltmllop
Note : This is a deg- 6 Sos proof , so

±e¥¥+niY÷i+in
T= Edu? } -1 ¥ u

, , . . . ,udE Rd orthonormal

F- 1

noisepreviously :

if every entry of E had magnitude for

large enough constant c > 0
,
then Jennrich 's

succeeds
.



What if E somewhat large ?

E×mpk_ : Eijk - No ,

Jennrich 's : sample g- Nfo , Id) and consider

Kd d

Tfg
,

: ;) = Elgin> nini + Eg ; Ei : :
i=i¥ i=n÷

Every entry of Eg ,

- Ei : : = N( 0 , ¥)
.i-- l

HN /oid)d×d /top ← rd
,

so

/ / §9iEi ::/ top = rd.VE = do 's >> 1

whereas

11 Edcgiriniu? Hop = Ii. I¥
i.e- Noise >> Signal , so Jennrioh's fails !

Fa ( Hopkins - Schramm - Steurer
' 15) : with high prob,

11N / 0 , d)
"""

Hgs
,

e od
""

.ph/yld1
,



so HE /Isos
,
in example above is En ¥

.

In fact , we will show that as long as

HE /Isos
,
< < 1

,
there is an algorithm to

recover u , , . . . , ud
!

=
Let T= Eu .

+ E for 11=41 sos , = ol
')

.

Define pet -1
"

§%uiÑ . God:ma×p;
Atg ( attempt # 1) :

Sos variables : ✗ ( d - dimensional)
constraints : 11×113<-1

objective :
max ④ (T, ✗

☒

3)
É

¥1: optimal É for the above satisfies

④ ( BG) D- 1- of ) (6)

PI : Note that for pseudo- exp given by
uniform dist over {u, , .. . , 4<1 , call it Ctf )

,



t(p=Euix5J=¥(EE÷I) -- '

a- 51--1
,

Ili:D

so ECT, 7) = ④ [p EGE , 7)
⇒ I - HEH sosb = I - of)

so LHS of (b) = ÉKT , 7) ECCE ,✗%)
(by maximal

:-4 of É )

2 I - all) - HEH

soso.L-ema-z.op-i.int#I!!a+.is-ie.s:cFlp.,lxDzl-o
(1) (a)

PI :

1- one Éfp,GÑ=Éf§Gii×PJ
C- É Ln:/✗5)

'

)
pseudo

-exp .

Cauchy .

Schwarz



Note that in deg- 6 Sos :

(FK :/XP ] E ✗Cui ,×5 ) - nix>4)

= R
,
G)

,

so Éfpy (A) ? I - old ☐

-

How to round É to a solution ?

whwlif-werarJen.nridis.br#E)f
Issue : Suppose

É is an actual distributioni.IE?....::::............-.#i
and t¥ for Uic . - - cud .



TE É 3) = 1¥ ;&u?
'

+ Faw"

F- ( g ; ;) = d&4.io?uiui--l-r.a@,g)ww'i=l
eigenvectors are u

, , . .
-

, ad ,
W

w/ eigenvalues = 0-1%1
, . . .
.at/,O-(ta)

so top eigenvector completely useless !

Issue : This Ei is very

"

low -entropy
"

:•::i
Idea : add constraints that force entropy

to be high



Atg( attempt 2) :
same Sos program as before but,

Max ÉCT , ✗
☒ '

5)
Ei

over deg-6 pseudo - exp . É 's which

satisfy the Sos program
constraints and additionally

1) IIÉC#Hope Hd (1)

4. HÉC×☒×K✗☒Ñ ] Hope Kd (2)

3)
. / / É(x☒✗☒x)(x☒×☒ Hop slid (3)

( note : this holds for ④ the uniform discover um .. .in)

lenmn3-iforoptimdci-intheabove.frI - o(1) fraction of iecd] ,

④ (u ; ,
X)
"
2 Id (1- oct ))

Pt : By Lemma 2
,

& ÉL! , ×>" = 1- ☐ (1)
,

i-- I



Suppose for f- Ill) fraction of i 's
,

we have ④ Cui ,×Y<_¥d
.

Then for some other i
, by averaging ,

④Cui , ✗7
"
> to

. by high
11

___ entropy

¢i☒"iTÉ(×☒×K×④×5 ) Gien ;) /
'""tint

c- HÉ[☒☒☒11×0×5
' ) Hop Étrd

,
a-

contradiction ! ☐

We now prove that by running Jennrioh 's on

④ [ ✗
☒4)

many times
,
we recover 1- all) of the components

( see [Ma - Shi - Steurer 46) for how to

reverse to find the remaining ☐ (1) fraction) .



Tieoremmainroundinganalysis :

If ae Rd satisfies

É ( a. ×>
" ¥4 - old) ,

then WP . 3- ¥1T, over g- N(0,2dg)
the top eigenvector V of É¢X☒✗,g> xxt )
satisfies ( v , a)22 0.99

.

Pt : Write g-- Ja ☒ a -181 for

f- N(0,1) and Jt - Nco , Zdoi - (a☒nKa☒aJ )
Denote Mg ? É[ ( ✗☒×, g) ✗✗

T) so that

My = 8 Maan + My ±

①
②wsTw§I

=&aat+o)

So if 82100ft ( happens up. >_ potpie, )
,



then Mg=¥(ant +0.01) ,
so top eigevec has large constant correlation

with a as desired .

?⃝ To analyze Maui Éflxiiixxt) ,
consider b. C- $d

"

orthogonal to a
.

Then :

bt Naab

= b'☒x.it#t)/b--Eifcx.a5Lx.b5)
note

, €544m)'s 11×112--1
,
so

' E Eleni]- Ékxi
")

t.EE/xo*Ta----oM
c- 11 Éf☒×Nop
c- Hd

E all / d) .



Also
,

a-' (Ma☒a)a= Éf<* in") >_ 1¥ .

And because Maan is psd ,

/ at Ma☒nbYs(aYMa(bYMa*1b)
It

c- oh / d)
,

☐

fltdaat - Moo. Hope • (E)
.

☐

-

⑦ : To bound Mgt=É / (85×0×0×5) ,
write 81=4,9 ,

+ g) ,

where

9
,

= 81-+2 '

gz = yt -y
' for JIN / a,(a☒aXa☒uJ)



Note , 9
,
, g, are marginally did 'd as Nloisd

.

So suffices to bound

Mµ=ÉKh , ✗☒×>✗F)
for h- Nfo, Id) .

Mh = & hi
;

- Ai
; far Aij ? Éfxixi . ✗F)

i.j
--1¥
independent Gaussian

s

By concentration of matrix Gaussian series

( see . e.g.
Theorem 4.1.1 in Tropp

"
Intro to matrix

concentration inequalities
" )

,

HMHH.pe 115^-511%2 - OF ) ( ko )

with high probability .

If B=Éfx F) c- pilot
/

S=É[ ✗
☒ "

)
,



then

[ Aif)
,

= €; Sijac Sijcb( ii,
csy.in#SaijcSijcb

c. ii,

T

= Ba :B :b
,

so [ A?; = BBT
i. j

and HE.tt?.jH!p--llB1lop
not for any ZEIRD

,
2
'

c- Rd
>

of unit nom ,

⇐ Bit! ÉKxiKx%é)
'

pseudo
-exp .

µ,
→ E É (Lxii) - ÉKx%7)

Schwer
'

= #É(*74.4
' Eif F)é)

entities →
E ¥



So HBHopEVd , and (A) yields

11mn11 € Itd - Fd . ☐


