
Lecture : Tensors , Jennrich 's algorithm,
applications

Tensorcontraction_ :

Given a , , . . . .ae c- Rd
,

THIRD )☒?

Tla , , .
. . .ae/--ET.in...,ie' i' ' ie@ 'Ii

,

- ' - (al) ;
,

can be interpreted as evaluating polynomial w/ coefficients
given by entries of T at the point (air . . - , "e) .

Partialcontraction:

Ian
. . . .am , ; . . . :) c-☒d)

☒ l- m

T(91 . - - ian , : , . . . . :) ; . . .ie.m=T(an . . - , am ,ei , , . . - , eiem)
"

higher-order
"

generalization of matrix- vector mut :

if T is matrix , i.e. order-2 tensor
,

1-( : ,z ) = Tz

E- : If T= u☒v☒w , then

TC ; :/ 2) = @ ☒V ) - (w/ 2)

So if T= Eui ☒ Vi ☒ Wi , then
i

TC ; :/2) = E@ ievi ) - (win>
i

2



Jennrid.la/gorithm-:
k

Suppose we are given F- € ,
hi ☒ vi. ☒Wi .

Sample 2,2
'

randomly from ⑤
d-!

Form

Mz E TI : , : ,z)= §(ui☒v ;) - twin>

Me ? Tf, : , 2) = § Cui ④ Vi) - <win
'>

Note : if U
,
V
,
WEIRD" are matrices whose

columns are { u;] , { vi} , { w;} respectively , and

-9 diag / Lw , ,z> , . .
. .

,
<wk

,D)

Dz , & diag ( (w ,
,z% . - -

,
< wk ,z

'))
,

then Mz = UD
,
VT

Mi = U Dz , Vt

Now we use the same
"
simultaneous diagonalizatior

"

trick as in matrix pencil method !



Mz ME. = UDZVTCUD. . F)
+

= UAV (F)
+

pi
' U'
-

TED
, because V has full Col .

Tank
= U Dz Dj

"

U
"

by assumption

so the eigenvectors of Mz ME are the columns

of U ! i.e. we get {ui }

Similarly
,

ME Mz , = (UD.lt/+UDz.V'=(VtJ+DiU+uR.v'---Id
,
because U has full Col .

= µt)+ Dz
"

Dz VT rank by assumpt.

so eigenvectors of (ME Mi5 are the columns

of V , i.e we get {vi }

Q How to
"

pair up
"

{ ui } and { ri} ? (we only
know them up to permutation .)



A- i. Eigenvalues of Mami , and CMEMZDT
are in l - l correspondence :

ethose of Mzmii are {%wÉ}i=1
, -→

I
proves

those of Kimi'T are { %
, .

<

N.B. : Here
,

we use randomness of z , z ' to ensure

that Lw ; ,z7, <Wii
'> 1=0

,
and together w/ non -

Collinearity of wits
,

that there are no

"

accidental
"

reciprocals so eigenvalues really are in

1- 1 correspondence as claimed .

Thus
,
can recover {Ui ④ Vi }i=i

, . . . ,k .

Finally , need to recover W
, , . .

-

, wk .

idea: set up a linear system



Note
, Tab

,
= Elli)a( Vi)b(Wi)c (H

¥
i
II. II. iturknown

This gives d
>

equations in Kd unknowns
.

Need to show the equations have a unique soln
.

Let table IR" have entries {Ki)a(Vi)b}iei
, . . .sk .

Then (b) ⇐ Tab, = { t
'""

.
We :)

,

where Ure : denotes c- th row of W .

To show uniqueness of Sdn . ,
the following suffices :

Let :{t"
"

}a,be[a, spans IR
"

PI : Lethe Rd
""

have columns {t""}
.

Because d' > K
, suffices to show N has

full column rank
.

Suppose to contrary that F CER
"
s.-1 .

{ ciA=Ñ ( tog
i



Note hi = vec (u ; ④ Vi)

T.e.fi#ematrixUiEviinto vector

so Coto) implies

{ Ci Uiv? = 0

Suppose WLOG c
,
-1-0

.

Let ✗ best
. Lu , ,x> 1=0

,
yet Lui ,✗7=0 Hi> 1.

( exists b/c U
, , . . -14. linearly independent)

Then

✗

+

{ ciuiv? = 0

a-
C.4 , ,x> VI -1-0 ,

contradiction
.

☐

QI : What about higher-order tensors?
e. g. F- É, ni ☒ Vi ④Wi ④ ✗ i
A-

"

reshape
"

T into 3rd - order tensor
,
e.g. take

1-
'
= £ Ve¥i% ④ Wi ☒ ✗i

f- I



To apply Jennrich
's to T

'

,
need

1)
.
{ uiev;} are linearly indep

2) .
{Wi} linearly indep

3)
. ✗ ; ,✗j

non - collinear for i=j

note : by lemma above
, 1) holds if {a;] linearly

indep and {v ;] linearly indep

QI : What if

F- { 9. ☒viewi + ?

A- : instead of V , V being full column rank ,

need that 0min (V)
,
0min (V) not too small

see Pset I Q #2



APPLICATIONS :

① MIXTURESOFEXPON-ENTIAl.si.

Recall from lecture 1 :

get access to

G : wts ¥ ,⇐e2*i<win ;D
J

for any HWHEI where Wim ,, ..
,MkElR⑦

Goof : recover µ , , - - i MK .

form sufficiently large

Alf :L) sample w
, , .

. ,Wm¥B( 0.49)
-

2D ball of radius 0.49

v
,
v
'
n $

'
around origin

2) Define Xp 0.02 - V
,

✗z=
0.02 - V

'

3) Define Te |Rm×m×2

by Tasc -_ Gfwatwbtxc ]
11.1¥, design



Then Tag EZ
":<Wa 'M?e2ai(wb,Mj) Zaida ,µ;)

ii-i-u.gg
-e-

(Wi ) ,

where 4- C- Rd and wie IRZ

So T=¥É Ui ④ ui ④ Wi , and we

f- I

can apply Jemaah 's provided {Ui } linearly
independent and Wi 's non - collinear

.

Note : This is essentially a generalization of

matrix pencil method to higher dimensions !

② SPHERICAL GAUSSIAN MIXTURES :

vnknown-imn-r-ihh.cl#dlinearlyindep.t,,...,tpEC9l)s-t.E.Xj-- 1
Given : iid samples from mixture model q

,

where

of
= iÉt ; ' N / Mi , Zd)



i.e. to sample from q :

1)
.

sample i c- (k) w.p.li

2) . Sample g- W/o ,Id)

3) . output Mi -1g

Good : estimate {Mil
,

Hi } upto small error

God : estimate Mi . . .int up to error

K

Atg : f-G) = ¥
,
titfmi -19) = E.Yi Mi

④[✗
④3) = Élictfcpritg) 3)

i=l

Ecg 1=0 by symmetry

= Étitfhli +g- qq.i.jo by symmetry
i=l

JFMixg-migomi-QMM.it
Mi ☒ g☒g + g ☒ 9.☒Mi + 9☒Mi☒g]
-

EC" "t-Id.IS?milary
= £ limits + (Ét ; mi)④, Id ,

i=l

where 2 ☒
,

Id ? ⇐ 2 ④ ea☒eat la 2 ea * ea☒en☒z



So ④[ ✗④3) - G-(E)☒ Id = Étim?
it

can run Jennrich 's to learn the parameters .

③INNDEPENDENTCOMPONEÑANALYSIS ( BONUS)

Un¥ : A c- ☒
did

Given : iid samples of the form

z= Ax + g ,
✗- q , g

- Nloied)

for a product distribution of

interpretation : q generates d independent signals,
e. g. conversations at a dinner party , and we

and we only observe noisy combinations of

these signals , e.g . picked up by mics in the

room .

Want to unscramble by learning A.

idea : f-[73-4.4] unwieldy to write down

(try it yourself)
,

so use cumula instead



( see slides for background on cumulants)

K (Zi , Zj , 2k Rl)
= K ( {A isis + 9 ; , { Ajs is -19J ,

{ Aks is -19¢ , § Aes 's +9e)
(Gaussiancumulous vanish

= KC § Ais ✗s , . . -

, { Als is )
(additivity)

= [ K ( Ais
,
Xs

,
, . .

-,
Also

,
%)

(independent
% . . ,s¢

cumnlarts
or § K ( Ais 's .

. .
- , Aes %)

= § Ai, Ais Ars Aes - kHs¥¥
So if Tjkl = K (Zi , Zj , 2k , ze ) , then

④4

T=§tsA :S



note ts=§[ %
"
-3]

If g-- Nord) , then is = 0 ,

but

this case is actually impossible !

z= AX -1g in Nfo , Id + ATA ) ,
so would only be able to recover A up to

rotation of its rows
. . .

But if q
"

non
- Gaussian

"

so is -1-0
, then

Jennridn 's can be used to recover A provided
A hors fuk rank !


